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Abstract: Koopman operator models let sampling-based Model Predictive Path Integral (MPPI) control roll out
thousands of sampled input sequences through an inexpensive learned lifted model. Existing Koopman-MPPI, how-
ever, keeps that lifted model linear in the input, a convention inherited from convex Koopman MPC that sampling
never required. It fixes one input response for every configuration, and no criterion says when that is enough. This
paper supplies the criterion and builds the controller around it. When the configuration-dependent gain through
which the input reaches the tracked output varies appreciably over the operating region, no constant input ma-
trix can match it under the standard linear readout, no state dictionary repairs the mismatch, and a bilinear lift
becomes necessary. When the gain is nearly constant, the two lifts predict alike. Since a bilinear step stays in
the same matrix—vector cost regime either way, the criterion makes the bilinear model the default rollout. Each
sample’s cost carries an online error tube from a proportional identification bound, and a free-energy analysis sup-
plies a practical-stability guarantee. Across six systems, bilinear Koopman MPPI tracks with near-oracle accuracy
on a wheeled vehicle and a drone under body-frame velocity commands, where its linear counterpart fails struc-
turally. On force- and acceleration-driven platforms the two rollouts perform alike and bilinearity keeps mainly a
parameter-efficiency advantage, which explains the successes reported for linear Koopman control. Hyperparame-
ters and videos: https://rcilab.github.io/koopman-mppi.
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1. INTRODUCTION

and the lifted model is identifiable directly from data [7,

For many robotic platforms, an accurate analytical
model is not available. Friction, actuation dynamics, and
platform-specific parameters are hard to derive by hand,
and a calibrated model rarely stays accurate in deploy-
ment. Data-driven predictive control instead identifies the
rollout model directly from input—state trajectories. The
learned model must then predict the controlled variables
accurately, yet stay cheap enough for the online optimiza-
tion loop.

Both demands peak in sampling-based model predictive
control (MPC), most prominently Model Predictive Path
Integral (MPPI) control [1,2]. MPPI is derivative-free, em-
barrassingly parallel on GPUs, and free of structural re-
quirements such as convexity, differentiability, or affine-
ness on the rollout dynamics. In exchange, at every con-
trol step the controller propagates thousands of sampled
input sequences over the horizon, so the rollout model
dominates the cost of the control loop [3]. Sampling-based
control therefore needs a learned model that pairs control-
relevant accuracy with a structured, parallelizable rollout.

Koopman operator models supply exactly this structure.
Lifting the state through a dictionary of observables [4—
6] renders the dynamics (near-)linear in the lifted space,

8]. Each rollout then reduces to matrix—vector products,
far cheaper than integrating the original dynamics. Recent
work accordingly reports substantial speedups from MPPI
with a learned linear Koopman rollout [9].

The linear form of that lifted model, however, is a con-
vention imported from a different optimizer. In Koopman
MPC the linear predictor keeps the online problem a con-
vex quadratic program, so linearity is forced by convex-
ity, not chosen for the system. Sampling-based control
imposes no convexity at all, yet existing Koopman-MPPI
methods keep the constant input matrix. Bilinear lifts, in
which the input also multiplies the lifted state, are well es-
tablished in gradient-based Koopman MPC [10, 11], yet
neither literature offers a criterion for when the linear
choice suffices. When is a linear Koopman rollout suffi-
cient for sampling-based control, and when is the bilinear
form necessary?

The distinction is a property of the system, not of the
optimizer. For a control-affine system & = f(x) + G(x)u,
with drift f and input matrix G/(x), an output map & se-
lects the tracked output y = A(x). Over one step At under
a zero-order hold, the input moves this output through the

Kangmin Lee and Sanghyun Kim are with the Department of Mechanical Engineering, Kyung Hee University, Yongin, South Korea.
Sanghyun Kim is also with the Advanced Institute of Convergence Technology, Suwon, South Korea (e-mail: kim87 @khu.ac kr).

* Corresponding author.



https://orcid.org/0009-0001-3349-4647
https://orcid.org/0000-0002-0222-8688
https://rcilab.github.io/koopman-mppi

=== frue linear = bilinear

bilinear necessary

v

outside

T
£
E
i
1
1
1
|l
'
e
N
)
input gain @
4

operating region operating region
I [/ © o S
(@) (b)

Fig. 1. The gain-variation criterion. (a) A soft arm’s
slowly varying curvature keeps the input gain
nearly constant over the operating region (Vo
small). (b) A unicycle’s heading sweeps the gain
over its full range (v large).

first-order response
Y1 — Y = (d(z) + () w)Ar+O0(A7), (D)

with drift response d(x) := Vh(x) f(x) and input gain
®(x) := Vh(x) G(x), where Vh denotes the Jacobian of
h. A linear lifted model with the standard linear readout re-
places this true gain with one constant matrix. When ®(x)
varies over the operating region, a single constant ma-
trix cannot reproduce the input response everywhere. The
heading rotation of a wheeled vehicle and the body-to-
world attitude of a drone are exactly such gains, whereas
the slowly varying curvature of a soft arm leaves the gain
nearly constant, as shown in Fig. 1. A bilinear lift lets the
input matrix vary with the lifted state.

This paper turns the linear-versus-bilinear question into
a testable criterion built on the variation of ® () over the
operating region. When the variation is large, every linear
rollout carries an input-response error that no dictionary
choice can remove, and the bilinear form becomes neces-
sary. When it is small, or when the input reaches the out-
put only at second order, the first-order responses coincide
and the criterion no longer bars the linear choice. The bi-
linear model is therefore the natural default, necessary in
one regime and harmless in the other. With no convexity
constraint to protect, the choice adds essentially no roll-
out cost, since one bilinear step costs m-+1 matrix—vector
products, where m is the number of inputs, and stays in
the rollout regime of the linear model. We then make the
default error-aware by propagating the proportional error
bound of certified identification [12,13] into an online tube
cost with constants from residual fitting.

Our contributions are fourfold:

¢ (C1) A testable criterion for the lift. Under the
linear-readout realization, any linear rollout incurs an
irreducible first-order input-response error of at least
1Vo|lu||At in the worst case, where Vo is the gain
variation over the operating region. In closed loop,

bilinear Koopman MPPI reaches near-oracle perfor-
mance where the linear rollout fails systematically.

* (C2) The failure is structural. No state dictionary
absorbs the coupling ®(x)u under a linear readout.
Enlarging the linear lift beyond the bilinear model’s
size does not repair the mismatch.

¢ (C3) An error-aware bilinear rollout at matrix—
vector cost. Bilinear Koopman MPPI equips each
sample with an online error tube that contains the true
lifted error under the certified proportional bound,
and it carries a free-energy practical-stability guaran-
tee.

* (C4) A boundary that organizes prior work. Force-
and acceleration-driven systems with weak gain vari-
ation occupy a regime where linear and bilinear pre-
dictions largely coincide and bilinearity offers chiefly
parameter efficiency. This boundary explains prior
linear-Koopman successes [9, 14] under the proposed
criterion.

Sec. 2 reviews related work. Sec. 3 develops the crite-
rion, the bilinear rollout, the error tube, and the stability
analysis. Sec. 4 validates each claim on six systems, and
Sec. 5 concludes with the resulting design rule.

2. RELATED WORK

Rollout models in sampling-based MPC. In its
information-theoretic form, MPPI admits arbitrary
discrete-time rollout dynamics [1, 2], extending to in-
tegrated planning and control stacks for ground vehi-
cles [15]. Much subsequent work improves the sampler
around a given model, for example through latent-space
sampling with an execution-level correction that enforces
hard constraints [16]. The rollout model itself spans
learned neural networks [1] and full GPU physics en-
gines [3], whose per-sample cost dominates the control
step. Model error, where addressed, is absorbed at the
sampler level by tube- and robustness-augmented vari-
ants [17]. We instead make the model class the design
variable, with certified error entering each sample’s cost
directly.

Linear Koopman predictors and convex MPC.
Koopman theory propagates observables of the state lin-
early [4, 5]. Extended dynamic mode decomposition and
its controlled variant identify a finite lifted predictor from
data [6, 7], and deep networks learn the dictionary it-
self [8]. Korda and Mezié turn the linear predictor into
an MPC pipeline whose quadratic program is convex by
construction [14], and this form has since been the default
across Koopman-based control [12], including automated
driving [18]. The linear input map is thus an optimizer-
driven restriction that buys convexity, not fidelity, and this
paper asks what the system requires of the lift.



Bilinear models and certified error bounds. With
fixed dictionaries, bilinear realizations outperform linear
ones in robotic MPC, for example on soft robots [10] and
quadrotors [11], at the price of a nonconvex program. In
parallel, certified identification supplies proportional error
bounds that vanish at the equilibrium and yield closed-
loop guarantees in gradient-based MPC [12, 13]. This es-
tablishes that bilinearity is sufficient and certifiable but
leaves open when it is necessary, and those guarantees
are formulated for gradient-based optimization. We sup-
ply both missing pieces: a necessity criterion tied to input-
gain variation over the operating region, and incorporation
of the proportional bound into the sampling cost with a
free-energy practical-stability guarantee.

Koopman rollouts in sampling-based control. The
closest work couples MPPI with a learned linear deep
Koopman rollout and reports substantial speedups on
a pendulum, a thrust-driven surface vehicle, and an
acceleration-commanded quadruped [9]. There, the linear
class is a design convention, and no published criterion
identifies when it is adequate. Our criterion places those
test systems in the low-variation regime, where the linear
choice succeeds, and identifies the velocity-commanded
regime, where a constant input matrix structurally fails.
We adopt the bilinear default and score it with an error
tube built on certified proportional bounds, an error aware-
ness no prior sampling-based Koopman rollout provides.

3. BILINEAR KOOPMAN MPPI

3.1. Problem Statement and Preliminaries

System and objective. We consider a control-affine
system @& = f(x) + G(x)u, with state € R”, input u €
R™, drift f, and state-dependent input matrix G(x). Dis-
cretization with step Ar gives x, 1 = F(x,,u, ), where the
transition map F is known only through input—state data
{(#;,us,2,11)}. Over a horizon T, the controller seeks the
input sequence U = (uy, ..., ur_) minimizing the cost

JU) = ¢(xr)+ X gz, u), 2)

with stage cost ¢ and terminal cost ¢. Throughout, || - ||
denotes the Euclidean norm and its induced matrix norm.
Information-theoretic MPPI. MPPI draws K input se-

(k) (k) (k) (k)

quences V¥ = (vy” ... v;” ), where v, =, +&;" and

s,(k> ~ N(0,3) with sampling covariance X. It rolls each
sequence through the dynamics, accumulating the cost (2)
into a trajectory cost S (V<k>), and updates each input using
the cost-weighted average of the perturbations [2]:

Yk wik) Efk)
ewl 3)
W =exp( = £(S(VH) - p)),

with temperature A > 0 and p = min; S(V*)). Input penal-
ties, when used, enter through the stage cost g rather than

U < U+

through a separate control-noise term. The only step that
scales with the sample count is the per-sample rollout
evaluating S(V ).

Koopman lifting and identification. Koopman meth-
ods lift the state through a dictionary ¥ : R” — RY of
lifted dimension N, with ¥(0) = 0 and a left inverse C
(x = C ¥(x)), and model the evolution of z = ¥ (x). The
linear and bilinear predictors are

(linear) z" ~ Az+ Bu, 4)
(bilinear) z*~ Az+ Bou+Y" u;(Biz), (5)

where z7' is the next lifted state, A the state matrix, B
and By the input matrices, and {B;} the bilinear coupling
matrices. Since the lifted input map is state-dependent,
a finite linear predictor is generically inexact [19], and
the bilinear form (5) is the minimal extension captur-
ing this dependence when the relevant gains lie in the
lifted span. Both predictors are identified by (regularized)
least squares via extended dynamic mode decomposition
with control [6, 7] for a fixed dictionary, or by joint train-
ing of a deep dictionary [8]. The bilinear form (5) sim-
ply augments the regressor with the products u;z. Defin-
ing M(u):= A+Y,u;B; gives the bilinear step z* =
M (u)z + Byu, which requires only m+1 matrix—vector
products and remains in the same rollout regime as the
linear model (4).

Proportional error bound. Let 7 (x, u) be the one-step
residual of (5). Certified Koopman identification [12, 13]
provides, for all (x,u) in a certified operating set X' x U,
the proportional bound

(2, w)| < e[ (@) +cullull, (©6)

whose constants ¢y, ¢, are estimated from data alongside
the model.

3.2. The Criterion: When Bilinearity Is Necessary

Let y = h(x) € R™ be the tracked output of Sec. I,
with first-order response (1) and input gain ®(x) =
Vh(z) G(x) € R»*™. We assume that / is realizable in
the lifted space, h(z) = C,¥(x), where C), € R™*V has
full row rank. For i(x) = ITx with a selection matrix II,
C;, =1IIC. The decisive quantity is the gain variation over
the operating set X,

Vo= sup |®(x)—®(x)]. (7)

xzx'ceX

Proposition 1 (Criterion: a constant input matrix cannot
encode a varying gain): Consider one-step output predic-
tions y,+1 = Cyz,1 from 2z, = ¥(x,). (i) For the linear
model (4) the input gain dy,.1/du, = C;,B is constant,
and for every B

sup ||Ar @(x) — C,B|| > vaAr, ®)
reX



so the worst-case error of the predicted input response
Yr+1(w) — y,+1(0) over the operating set is at least
3 Vo|lu||At — O(Ar?) for a worst-aligned input, irrespec-
tive of the dictionary. (ii) For the bilinear model (5) the
input gain dy,1/du;; = Cy(by; + B;z) is affine in the
lifted state, where by; is the ith column of By. The
first-order input response Ar ®(x)w is reproduced exactly
whenever every entry of ® lies in span{1,¥y,..., ¥y }.

Proof: (i) Constancy is immediate from (4). For (8),
the triangle inequality gives, for every pair «,«’ and ev-
ery B, max (||Ar®(x) — C,B||, ||At®(x') — C,B||) >
%||®(x) — ®(2')||. Taking the supremum over pairs
yields (8). By (1) the true input response at x is
At ®(x)u+ O(Ar*) while the model’s is Cj,Bu. Choos-
ing u along the top right-singular direction of the mis-
match Ar & (x) — C), B, at a configuration approaching its
supremum, gives the stated error. (ii) Differentiating (5)
gives the stated gain. If every entry satisfies ®;;(x) =
cji+w ;¥ (x), the full row rank of Cj allows B, and
{B;} to be chosen such that Cyby; = At (cis,...,Cni) "
and C,B;¥(x) = At (w]Ti\II(w),...,w,I_,-‘II(a:))T. These
choices match Ar @ (x)u entrywise. O

Statement (ii) is a representability result. In practice, the
identification fits the same matrices jointly to the full lifted
evolution.

Remark 1 (No state dictionary can substitute): The
coupling ® (x)w multiplies the input by a function of the
state, while a Koopman dictionary enriches only the state
representation. Under the standard realization used by lin-
ear Koopman-MPPI, a linear readout with a constant input
matrix, the input still multiplies the fixed B. The lower
bound (8) is therefore invariant to the dictionary, deep or
fixed. Bilinearity is therefore structural, not a matter of
capacity, and the term u;(B;z) removes exactly this ob-
struction.

Remark 2 (Reading the criterion): Vg can be com-
puted in advance from known kinematics or estimated
from data by regressing local input gains.

Velocity-commanded bases: a body-frame command
reaches a world-frame output through a rotation that
sweeps its full range as the robot reorients. For the uni-
cycle position the gain is ®(x) o (cos0,sin0) ", and for
the drone position it is the body-to-world rotation. Hence
Vo is maximal, and a constant input matrix is correct at
only one configuration.

Force- and acceleration-driven outputs: when the
tracked output has relative degree two or higher, & = 0,
Ve = 0, and the input enters only at O(Ar?), so a linear lift
is not structurally barred.

Because the criterion is defined over the operating set,
its relevance depends on the states a task actually visits.
The input’s operating point enters the same way. Under
the split w = @+ Swu, the component ® (x)w is a pure state

Algorithm 1 Bilinear Koopman MPPI (one control step)

Require: state a; warm start U = (uy, ..., ur_;); model
A, By, {B;},C,%¥; norms ||A|,{||Bill}; constants
¢y, Cy; parameters K, T, 3, A, B, Br

1 zg <+ ¥(x)
2: for k=1,...,K in parallel do
3: 'u,(k) — u, +€,(k), clamped to U, s,(k) ~ N(0,%),

for all ¢
4 2z e« 0; SH 0
5 forr=0,...,7T—1do
6 SO 5O g(CzoM)+Be
7 e (A(0) +e) et 2l +eullv]
8 2+ Mw"Y) 2+ Byo®
9: end for
10 S® < S0 L ¢(C2)+Bre
11: end for

12: wh « exp(— £ (S® —min; S))
13: w, < u, + (ka(k)st(k>)/2jw(j) for all t
14: return wy; shift U one step as the next warm start

function, absorbed by the autonomous dynamics once the
entries of @ lie in the lifted span, so only ®(x)dwu is
an irreducible state—input product. Hence the thrust-driven
quadrotor remains benign even at the velocity level, where
its gain does vary. Thrust enters as T = mg + 8T, so the
dominant coupling g Rej is state-linear and only the small
fluctuation 6T passes through the varying gain. A velocity
command, by contrast, is zero-centered by construction,
so its entire coupling passes through the varying gain. Be-
cause the operating-point bias is set by the actuation level,
the regime can often be read off before training.

3.3. Bilinear Rollouts at Matrix—Vector Cost

The controller is standard MPPI (3) with every rollout
performed by the bilinear surrogate (5). At each control
step we lift the state once, zyp = ¥(x), propagate the K
perturbed input sequences through

211 =M (v) 2+ Bov, 20 = 20, )
score each sample with the task cost plus the tube penalty
of Sec. 3.4, and apply the softmax-weighted update (3),
as summarized in Alg. 1. One step of (9) costs m+1

matrix—vector products of size N against one for the linear
model (4).

3.4.  An Error Tube in the Sample Cost

Along a sampled sequence V = (vy,...,vr_1) the true
lifted state evolves as z;.; = M (v;)z; + Bov; + r; with
r, = r(a;,v;) bounded by (6). Subtracting (9) shows that
the deviation 9, := 2z, — 2, obeys 8,11 = M (v,)d, + ;.
With the precomputable norm bound m(v) := ||A| +



Yt il [|Bill = ([ M (v)

, define, from e = 0,
€1 = (n_’L(U,)-I-Cx)e,-I-CxH,i,H+CuHU,||. (10)

The recursion adds one vector norm and a few scalar op-
erations per step (Alg. 1, line 7).

Proposition 2 (Tube bound): Let the true trajectory un-
der V remain in the certified set of (6). Then the tube (10)
satisfies ||z, — 2|| < e, for all 7, and hence ||x, — & <
IIC || e; with &, := C2,.

Proof: Induction over ¢, from the base case ¢g = 0 =
l60]|. Given ||&;|| < e, the deviation dynamics and (6)
give ||0,41|| < || M (vy)| e+ cxl| 2] + cul|ve|| - Substituting
lz:]] < [|2:]| + e and || M (v,)|| < m(v;), with all coeffi-
cients nonnegative, yields exactly (10). The state bound
follows from x; — &, = C6;. O

The containment inherits the certificate behind (6).
Kernel-based certificates are deterministic, and proba-
bilistic certificates at confidence 1 — . keep confidence at
least 1 — T'8, over the horizon by a union bound.

The sampler compares costs, not state errors, so the
tube must reach the sample cost. Let S(V;x) = ¢ (C27) +
Y q(C2,v,) denote the surrogate sample cost and
S(V;x) its true-trajectory counterpart. If ¢(-,u) and ¢ are
Lipschitz with constants L, (uniformly in « € U) and Ly,
Prop. 2 bounds every sample’s cost gap,

‘S(V;CIJ)—S(V;SB)’ < Ag(Vix), (1D

with As(Viz) == ||C||(Lyer + LyX) ' e). Quadratic
costs satisfy this requirement locally on the certified set,
with L, proportional to its diameter. We score each sam-
ple with the tube-penalized cost

T-1
§:=8+BY e+Brer, (12)
=0

which the softmax update (3) optimizes in place of S. Be-
cause (6) vanishes at the equilibrium, the penalty steers
the search toward the certified region.

Corollary 1 (MPPI on a guaranteed upper bound):
With the derived weights B = L,||C|| and Br = Ly||C|,
(12) equals S+ Ag > S. Every sample whose true trajec-
tory remains in the certified set (Prop. 2) is then scored by
a guaranteed upper bound on its frue cost, so the update (3)
descends a robust surrogate of the true objective. Smaller
B, Br interpolate toward the risk-neutral controller, and
B = Br = 0 recovers plain bilinear Koopman MPPL

3.5. Free-Energy Practical Stability

For the sampling distribution 7y (the Gaussian
N (U,X) truncated to U”, cf. Prop. 3(i)), define the free
energy of the true cost F(x) = —Alog Ey.q, [exp (—
S(V;z)/A)], and F(z) analogously using S. The MPPI

update (3) with B = B; = 0 descends F, whereas F gov-
erns the true closed loop.

Proposition 3 (Free-energy practical stability): As-
sume the following. (i) The certified bound (6) holds on
the operating set X x U. The sampled sequences are re-
stricted to admissible inputs (sampled from a truncated
or clamped Gaussian on the compact set U), and the
true rollouts they induce remain in &', an invariance that
is assumed rather than established. (ii) The surrogate is
cost-controllable on that set, following the surrogate-MPC
framework of [12], with stage cost bounded below by
a|¥(z)|? a > 0, and admissible inputs bounded pro-
portionally to ||® (x)||. (iii) g(-,w) is Lipschitz uniformly
inu € U, and ¢ is Lipschitz. (iv) The sampled update at-
tains the surrogate free-energy decrease up to 8, + 0x with
8, = O(2) and 8§ = O(K~'/?), the bias of the exponen-
tial weighting and the Monte Carlo error of K samples.
Then the model-induced free-energy gap obeys

|}'(a3)—]:'(w)| < As(z) := sup As(V;x), (13)
veur

and the true closed loop is practically asymptotically sta-
ble with an ultimate bound that vanishes as the model er-
rors (cy, ¢,) and the sampling errors (&, Ox) vanish.

Proof sketch: Pointwise, S > S§ — Ag implies
exp(—S/A) < exp(As/A)exp(—S/A). Monotonicity of
the expectation and of —A log(-) gives F > F — Ag, and
the symmetric inequality gives (13). Assumption (iii)
enters only through the cost Lipschitz bound (11),
and no smoothness of the value function is required.
Cost-controllability (ii) provides a relaxed-dynamic-
programming decrease of F along the surrogate [12],
degraded by at most 8§, + 0x by (iv). Transporting this
decrease to F through (13) leaves a perturbation of
size O((cy+c,)|[®(x)||) plus the sampling gap, since,
along the admissible sequences of (ii), the tube sources
cxll2¢]] + cul|ve|| vanish at the equilibrium by (6), with
nonzero input biases recentered by the operating-point
split of Remark 2. Outside a sublevel set whose radius
vanishes with the model and sampling errors, the quadratic
decrease in (ii) dominates this perturbation, yielding prac-
tical asymptotic stability with the stated ultimate bound.[]

3.6. Identification

Models use the predictor classes and dictionaries of
Sec. 3.1, with a learned deep dictionary or a fixed one.
The observables are the leading lifted coordinates and C
the fixed selector recovering them, so @ = C'¥(x) holds
by construction. In place of a one-step least-squares fit, we
minimize a multi-step loss over length-H windows,

=Y (lcz -l +vllz-2@)|*), a4

t=1
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Fig. 2. Nonholonomic unicycle parking under (a) the oracle, (b) linear, and (c) bilinear Koopman MPPI.

where 2, is rolled from 2y = ¥(x() through (9) and the
second term enforces latent consistency. For m > 3 we
initialize {B;} to zero, so training starts from the identi-
fied linear model. For m < 2 a small random initialization
is equally stable. For sustained-maneuver deployments,
training inputs are drawn as coherent control sequences
matching the deployment input distribution.

4. EXPERIMENTS

Setup and mapping to claims. Three controllers are
compared: the linear baseline [9] and the bilinear con-
troller share one deep Koopman lifting (identical network
width, training data, and multi-step loss (14)) and dif-
fer only in the lifted model, (4) versus (5), while Oracle
MPPI rolls out the true dynamics. The oracle is not a per-
formance ceiling, since sampling-based MPPI is subop-
timal even with the true model. Both learned controllers
share the settings of Table 1 and adopt the linear base-
line’s reported method-specific choices. Unless stated oth-
erwise, the closed-loop studies of Secs. 4.1-4.4 run with
B = Br = 0, and the tube of Sec. 3.4 is evaluated in
Secs. 4.5 and 4.6. Drone results are means =+ standard de-
viation over 60 episodes, and quadrotor results medians
over 20 runs. The unicycle is evaluated over 50 parking
trials across ten start—goal pairs. The unicycle and drone
use standard kinematic models, and the pendulum an an-
alytical model. The quadrotor and torque-controlled arm
are simulated in MuJoCo [20], and the soft continuum arm
in SoftManiSim [21].

Throughout, the criterion is quantified by the normal-
ized gain variation V = vg / sup,, || ® ()|, set to zero when
® = 0. Secs. 4.1-4.6 validate, in order, the criterion at
maximal gain variation (C1), the capacity question (C2),
the negative predictions (C4), and the error tube, rollout
cost, and design choices (C3).

Table 1. Key per-system MPPI hyperparameters.

System N K T Atf (s) A

Unicycle 8 1,536 40 0.05 0.4
Drone 13 1,024 15 0.05 0.25
Pendulum 8 2,560 65 0.05 0.8
Quadrotor 24 1,500 20 0.02 0.5

4.1. Where the Criterion Binds

We first test Prop. 1 on two systems whose input gains
sweep their full ranges.

Nonholonomic vehicle. A unicycle must park at a goal
pose. Its forward-speed input affects position through the
heading rotation (cos 6,sin 0), the maximal-variation case
of Remark 2. In open loop the bilinear model predicts po-
sition roughly 45 times more accurately than the linear
at the planning horizon, and the gap is structural rather
than dictionary-driven, since a fixed trigonometric lift re-
produces it at roughly 40 times. In closed loop the gap
becomes qualitative, as shown in Fig. 2. The bilinear
controller parks in 84% of trials, near the oracle (92%),
whereas the linear controller parks in 0% of 50, driving
off along its initial heading to end 3.1 £ 1.4 m from the
goal. As predicted, a constant Cj, B is correct at only one
heading, so MPPI optimizes an incorrect cost landscape
rather than a noisy version of the correct one.

Aerial drone. The drone tests the same mechanism
in 3D. Commanded by body-frame velocities, it tracks a
figure-8 while yawing along the path, so p = R(y)v°
and the gain R(y) sweeps its full range. In open loop,
the bilinear model predicts world position over a hun-
dred times more accurately at the planning horizon, as
shown in Fig. 3(a) and Table 2. In closed loop, as shown in
Fig. 3(b), the bilinear controller tracks at oracle accuracy
across three references and two observation-noise levels
(0.046 +-0.009 m mean error for both, n=60), whereas the
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Fig. 3. 3D velocity-commanded drone. (a) Open-loop position-prediction error over the planning horizon. (b) Closed-loop

figure-8 tracking under nominal observation noise.

Table 2. Drone rollout baselines. Bold: best value.

Model N Pred. err. (m)
Linear 13 0.409 £+0.001
Linear (large) 29 0.409 £0.001
MLP dynamics — 0.078 +£0.017
Bilinear 13 0.0030+-0.0001

linear controller drifts from every path (1.4 £ 1.0m). By
Remark 1 the gap is structural, not one of capacity.

4.2. Ruling Out Capacity

Table 2 tests two objections, that the linear model is
under-parametrized and that a generic neural dynamics
model would suffice. All rows report the open-loop 15-
step world-position error, mean =+ standard deviation over
ten training runs on a shared held-out set of 1,000 trajec-
tories. More than doubling the linear lift’s latent dimen-
sion from N=13 to N=29 gives it more parameters and
rollout FLOPs than the bilinear model, yet leaves its 15-
step error unchanged at 0.409 =0.001 m over ten training
runs. As Remark 1 states, dictionary enrichment leaves the
constant input matrix untouched, so no dictionary size can
reproduce R(y). An unstructured multilayer perceptron
(MLP), which can represent the rotation, improves on the
linear lift roughly fivefold, yet at a matched training bud-
get it remains more than twenty times less accurate than
the bilinear model. The drone is control-affine, so the bi-
linear lift represents its input response exactly, whereas
the MLP must approximate the rotation and forgoes the
structure underlying the error tube in Prop. 2.

4.3. Efficiency Where the Coupling Is Weak

In torque-limited pendulum swing-up, the input acts at
second order with weak gain variation, so the criterion
predicts a linear model is not structurally barred. With a
64-neuron dictionary (N=8 fixed) the bilinear controller
swings up and balances in all five trials, as does the oracle,
and it still swings up in four of five trials with a dictionary

o
!

o
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prediction error
[=]
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linear
—=— bilinear

8 16 ) 64 128 256
hidden neurons per layer

Fig. 4. Pendulum open-loop prediction error against dic-
tionary width (H=12, N=38).

as small as 16 neurons. Under the same long-horizon set-
ting, the linear lift does not reliably reach the multi-step
accuracy that swing-up demands at the widths we test.
The width sweep of Fig. 4 locates the difference in ca-
pacity rather than structure. Unlike the structural plateau
of Sec. 4.2, the linear model’s error falls as the dictio-
nary widens, in line with the width sensitivity reported for
the linear baseline [9], yet it saturates above the bilinear
asymptote. The bilinear model reaches a given multi-step
accuracy with about four times fewer neurons. Even when
bilinearity is not structurally required, the structured input
term substitutes for network width.

4.4. The Boundary

When the input gain barely varies, the criterion predicts
that linear and bilinear rollouts largely coincide.

The thrust-driven quadrotor, shown in Fig. 5, is the
clean second-order case. Thrust reaches the position only
through acceleration, and although the attitude sweeps ag-
gressive tilts of up to £69°, the linear and bilinear pre-
dictions coincide over the planning horizon, on the full
state and on the control-relevant velocity alike, as the
thrust bias of Remark 2 prescribes. At the secondary ve-
locity level, the normalized gain variation is nearly max-
imal over the full tilt range but drops below 0.25 over
the closed-loop states (median tilt 2.7°). As the crite-
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Table 3. Summary of all systems by normalized gain variation ¥ (7).

System Gain variation V Closed loop: Oracle/ Linear / Bilinear Prediction: bilinear vs. linear
Unicycle R(6), maximal (Vv=2.0) 92/0/84 % 42-48 %

Drone R(y), maximal (V=2.0) 0.05/1.4/0.05m 135+ 7x
Pendulum second order (V=0) — 4 x fewer neurons
Quadrotor second order (V=0) 0.12/0.44/0.45m 1.0-1.1x

Torque arm  second order, inertia (V=0) — 0.88-0.98 x

Soft arm low (curvature) — 0.93-1.09 x

rion predicts, the median landing distance over 20 runs
across four goals is 0.45m (bilinear) and 0.44m (lin-
ear), against 0.115+0.003 m for the true-dynamics oracle.
Identification error common to both, not the model class,
separates them from the oracle. On a torque-controlled
three-link arm (MuJoCo), whose input enters through a
configuration-dependent inertia, the two models are indis-
tinguishable in multi-step end-effector prediction across
horizons (Table 3), and its data-driven gain estimate stays
below the permutation noise floor, consistent with ¥ = 0.
A cable-driven soft continuum arm (SoftManiSim, two or
four segments, up to twelve cable inputs) shows the same
tip-prediction equivalence, in line with reported EDMD-
based Koopman success for soft robots [22]. Its slowly
varying curvature keeps the effective gain nearly con-
stant, consistent with a deep lift closing the gap that fixed
dictionaries leave [10]. This is the regime of the linear
baseline’s systems, a thrust-driven surface vehicle and an
acceleration-commanded quadruped with modest heading
changes.

4.5. Error Tube and Rollout Cost

We instantiate the constants c,, ¢, by least squares on
held-out residuals of the deep bilinear model, an empir-
ical proxy for certified constants. Under this proxy the
tube is sound. Along 2,000 held-out rollouts of the deep
bilinear unicycle model (40-step horizons) it contains the
true lifted error at every step, with zero violations at all
82,000 evaluated points, as shown in Fig. 6. Tightness
is set by the identification, not the tube mechanism. The
multi-step-trained model has || A||; = 1.02, the residual fit
gives ¢, ~3.5 x 1073, and certified SafEDMD-grade con-

stants would tighten the same recursion directly.

The bilinear default adds a known constant factor to
a linear lifted rollout. Each step requires m+1 matrix—
vector products rather than one (Sec. 3.3). Measured CPU-
only (PyTorch, 4 threads, Intel Core i5-13400F), one bilin-
ear rollout of K=1,024 samples over T=30 (a standalone
benchmark) costs 3.9 ms per control step, against 13 ms
for a hand-batched true-dynamics integration and 76 ms
for a physics-engine rollout.

4.6. Ablations and Design Choices

Zero-initialized bilinear terms. Initializing {B;} at
zero starts from the linear model and improves monotoni-
cally on it. On input-rich systems (rm > 3) random initial-
ization yields unstable rollouts, whereas either choice is
stable for m < 2.

Multi-step training. One-step regression of either
model gives poor long-horizon rollouts, while the H-step
loss (14), applied identically to both, makes either usable
inside MPPI, so the gaps above are not artifacts of the
training objective.

Error-tube weight 3. Setting 3=0 recovers plain bi-
linear MPPI, is best for nominal regulation, and is how
all closed-loop benchmarks run. With the fitted (uncer-
tified) constants the tube compounds quickly, so any f3
that influences the sampler lets the tube term dominate
the task cost, and a S-sweep on the quadrotor degrades
both learned controllers monotonically. The tube therefore
serves here as the certificate of Prop. 2, not a practical
sample-shaping term.

Table 3 summarizes all six systems. Closed-loop en-
tries report parking rate (unicycle), mean tracking error



(drone), and median goal distance (quadrotor). A predic-
tion ratio near 1x means the two rollouts coincide, and
dashed rows are evaluated through prediction.

5. CONCLUSION

This paper turns a convention into a criterion. The sam-
pling optimizer never needed the convexity that made lin-
ear Koopman rollouts the convention, so the question is
no longer which lift is tractable but which lift the system
requires. A single testable property answers it, the varia-
tion Vg of the input gain ®(x) over the operating region.
When that variation is large, the coupling is irreducible,
no linear lift, however deep, can represent it, and bilinear
becomes necessary. When it is small, the two coincide and
the linear choice is sufficient. Bilinear therefore remains a
safe default in both regimes, though in the second it gains
no accuracy and needs the zero initialization of Sec. 4.6
on input-rich systems.

In closed loop the experiments return the same read-
ing. Only the bilinear rollout parks the wheeled vehicle
and holds the drone’s reference at the oracle’s level. This
velocity-commanded regime, where the criterion bars lin-
ear lifts, is exactly the one prior linear-Koopman studies
left untested. Their force- and acceleration-driven plat-
forms sit in the low-variation regime, which is why their
linear lifts succeed.

Two limitations bound the claim. The stability guar-
antee assumes a certified error bound that the deep dic-
tionary does not yet provide, so the fitted constants of
Sec. 4 remain an empirical proxy, and certified kernel-
or SafEDMD-based identification with validation under
real sensing and actuation noise is the next step. The cri-
terion assumes that the tracked output couples to the in-
put through smooth kinematics, so contact-rich hybrid dy-
namics, such as joint-level legged locomotion, fall out-
side its scope even when the navigation-level command
satisfies the assumption. The result is a design rule with
a known boundary. In sampling-based Koopman control,
prefer a bilinear rollout whenever the input reaches the
tracked output through a configuration-dependent gain
that varies appreciably over the operating region.
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